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1.  Introduction 


When  an  angular  contact  bearing  is  subjected  to  an  axial  load,  the  contact  between  the  ball  and  race¬ 
way  is  centered  at  some  non-zero  angle,  the  contact  angle,  from  the  centerline  of  the  raceway,  as 
shown  in  Figure  1 .  Calculation  of  the  maximum  stress  within  this  contact  was  worked  out  years  ago 
through  mechanical  analysis  of  the  stresses  and  deflections  that  act  on  the  bearing  components, 
allowing  for  the  accurate  prediction  of  the  applied  load  at  which  damage  will  occur.  By  definition, 
the  static  capacity  of  a  ball  bearing  is  the  maximum  static  (stationary)  load  that  can  be  supported 
without  noticeable,  subsequent  effect  on  torque  or  vibration.  A  standard  criterion  for  calculating 
static  capacity  is  the  calculated  load  required  to  produce  a  permanent  indentation  equal  to  0.0001 
times  the  ball  diameter.  Metallurgists  utilize  an  indentation  test  to  determine  a  compressive  yield 
stress  or  an  indentation  yield  stress.  For  440C  stainless  steel  at  R,  60,  this  value,  the  maximum 
allowable  mean  contact  stress,  is  340  ksi.  We  say  that  the  static  capacity  of  a  bearing  has  been 
reached  when  the  mean  contact  stress  exceeds  this  value. 

However,  when  the  contact  area  and  contact  angle  become  so  large  that  the  contact  exceeds  the  limits 
of  the  raceway  (see  Figure  1),  the  classic  analytical  methods  no  longer  apply.  Under  these  conditions, 
part  of  the  contact  is  truncated,  and  the  remaining  contact  area  will  change  to  equilibrate  the  modified 
forces. 

The  stress  at  the  edge  of  the  contact  will  increase  rapidly  with  the  fraction  truncated,  and  the  stress  at 
the  center  of  the  contact  will  also  increase  as  the  total  area  of  the  contact  is  decreased.  Therefore,  the 
bearing  materials  will  yield  at  a  lower  applied  load  than  without  truncation. 


Edge  of 


Figure  1 .  A  bearing  section,  showing  a  truncated  contact  and  a  natural  contact. 
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This  situation  is  dangerous  because  it  leads  to  bearing  failure  at  a  lower  load  than  predicted  without 
consideration  of  truncation.  It  is  not  difficult  to  predict  the  extent  of  truncation  for  a  given  bearing 
and  a  given  set  of  operating  conditions,  and  this  is  sometimes  used  as  a  criterion  for  rejecting  a  bear¬ 
ing  design.  However,  the  existence  of  truncation  does  not  necessarily  indicate  that  the  bearing  is 
unsuitable  for  a  particular  application.  For  example,  the  static  capacity  of  a  bearing  may  be  larger 
than  required  by  the  loading  situation,  so  that  a  small  amount  of  truncation  will  not  result  in  damage 
to  the  surface.  In  this  case,  a  bearing  may  be  approved  for  use  in  spite  of  truncation.  Therefore,  a 
quantitative  approach  for  predicting  the  threshold  of  damage  due  to  truncation  of  the  contact  in  an 
angular  contact  bearing  is  needed  to  provide  the  bearing  analyst  with  a  tool  for  evaluating  the  static 
capacity  of  a  contact  beyond  the  truncation  limit. 

In  this  report,  we  present  a  pragmatic,  engineering  approach  to  predicting  the  threshold  of  damage 
due  to  a  truncated  contact.  With  the  results  presented  below,  a  bearing  analyst  can  take  a  calculated 
value  of  the  mean  contact  stress  and  fraction  truncated  and  predict  the  occurrence  of  brinnel  dimples 
on  the  raceway  surface.  In  this  analysis,  we  determine  approximate  expressions  for  the  maximum 
stress  at  the  center  of  the  truncated  contact  and  at  the  truncated  edge.  When  either  of  these  stress  val¬ 
ues  exceeds  the  compressive  yield  stress  of  the  bearing  materials,  one  may  expect  damage  to  occur. 
To  simplify  the  application  of  this  analysis,  we  write  an  expression  that  provides  a  safe  margin  for 
simultaneously  satisfying  the  damage  criteria  from  both  the  center  and  the  edge  of  the  contact. 
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2.  Analysis 


In  this  analysis,  we  will  first  determine  the  stress  at  the  center  and  at  the  edge  of  a  truncated  ellipse, 
and  then  express  these  as  functions  of  the  mean  stress  under  similar  conditions  without  truncation  and 
of  the  fraction  truncated,/.  The  fraction  truncated  is  defined  as  the  length  of  the  truncated  portion 
along  the  major  axis  of  the  ellipse,  divided  by  the  total  length  of  the  major  axis.  For  clarity,  we  will 
discuss  the  contact  ellipse  in  its  natural  state  (without  truncation)  and  in  the  truncated  state.  To  dis¬ 
tinguish  these  states  in  the  forthcoming  analysis,  the  parameters  that  describe  the  truncated  contact  are 
marked  with  a  prime.  Figure  2  shows  the  stress  distribution  of  the  truncated  contact.  Inspection  of 
this  figure  shows  that  the  maximum  stress  may  occur  at  one  of  two  separate  locations,  the  center  or 
the  edge,  depending  on  the  fraction  truncated  and  the  edge  stress  concentration  factor,  c.  These  two 
cases  must  be  treated  as  independent  criteria  for  the  damage  threshold.  The  stress  at  the  center  of  the 
contact,  S0 ' ,  and  the  stress  at  the  truncated  edge  of  the  contact,  Se ' ,  are  treated  separately  in  Subsec¬ 
tions  2.1  and  2.2,  respectively. 


2.1  Stress  at  the  Center,  S0 ' 

In  this  section,  we  express  the  stress  at  the  center  of  the  truncated  contact  ellipse,  SQ ' ,  as  a  function  of 
the  mean  stress  in  the  natural  contact  ellipse,  Sm,  and  the  fraction  truncated,/.  The  stress  at  the  center 
of  a  truncated  contact  will  be  greater  than  that  of  a  natural  contact  because  a  fraction  of  the  surface 
area  of  the  original  ellipse  is  no  longer  bearing  any  of  the  load.  Hertzian  contact  mechanics  tells  us 
that  the  maximum  contact  stress,  neglecting  any  contribution  at  the  center  of  the  ellipse  from  the 
stress  concentration  at  the  edge,  may  be  expressed  as  S0  =  3/2  Sm,  where  Sm  is  the  mean  stress.  How- 


Figure  2.  The  stress  distribution  on  a  truncated  contact  ellipse. 
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ever,  the  mean  stress  in  the  remaining  contact  area  will  be  increased  from  its  natural  state  due  to  the 
loss  of  the  contact  area  that  has  been  truncated.  As  a  result,  the  contact  area  and  the  mean  stress  in 
the  natural  state  will  be  different  from  that  after  truncation.  To  clarify  the  forthcoming  analysis,  we 
define  two  coordinate  systems:  one  for  the  natural  contact  ellipse,  and  one  for  the  truncated  ellipse 
(Figure  3). 

Referring  to  Figure  3,  the  mean  stress  within  the  natural  contact  area  is  defined  as  the  ratio  of  the  total 
load,  P,  to  the  total  area,  A: 


S 


m 


(i) 


Based  upon  the  mechanics  of  an  elliptical  Hertzian  contact,’  we  can  express  the  mean  stress  of  the 
complete  contact  ellipse  in  the  primed  coordinate  system  as: 

S„  -  A  (2) 


where  the  constant  of  proportionality  depends  on  the  elastic  modulus,  Poisson’s  ratio,  and  the  radii  of 
curvature  of  the  ball  and  raceway. 

When  a  fraction, /j  of  this  ellipse  is  truncated,  the  contact  area  will  change,  but  the  total  load  must 
remain  the  same.  We  will  neglect  the  edge  effects,  and  treat  the  new  contact  area  as  a  truncated 
ellipse.  This  new  ellipse,  also  shown  in  Figure  3,  will  have  a  total  area  defined  asA  ',  equal  to  the 
sum  of  the  truncated  area  AT '  and  the  remaining  contact  area  AR ' .  The  total  load  necessary  to  form 
a  complete  contact  ellipse  of  this  size,  P  ',  is  equal  to  the  sum  of  the  truncated  load,  PT ',  and  the 
remaining  load,  PR  ’ .  The  mean  stress  on  the  truncated  contact  ellipse  may  then  be  expressed  as: 


S' 


(3) 


where  the  constant  of  proportionality  is  equal  to  that  of  Eq.  (2). 


A’=A’  +A’ 

R  T 


Natural  Contact  Ellipse  Truncated  Contact  Ellipse 

Figure  3.  The  contact  ellipse  before  and  after  truncation.  The  dashed  elipse 
oon  the  right  side  of  figure  represents  the  natural  shape  of  the 
contact  (without  truncation). 
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Since  the  total  load  on  the  remaining  contact  area  must  equal  the  total  load  applied  to  the  contact,  P, 
we  assert  that  PR'  =  P,  allowing  us  to  rewrite  Eq.  (2)  in  terms  of  the  truncated  contact  ellipse: 


S 


m 


oc 


(4) 


Combining  Eqs.  (3)and  (4),  we  find  that : 


S' 

m 


(5) 


Finally,  the  stress  at  the  center  of  the  contact  ellipse  in  the  primed  coordinate  system  may  be  written 
as: 


S'o  =  Sm- 


P' 


(6) 


The  quantity  contained  within  the  parentheses,  the  ratio  of  the  total  load  to  the  remaining  load  after 
truncation,  is  worked  out  in  the  appendix. 

To  find  the  various  combinations  of  Sm  and  f  that  may  lead  to  damage,  we  set  the  stress  at  the  center 
equal  to  the  compressive  yield  stress  of  the  bearing  materials,  SY.  The  mean  stress  of  the  natural  con¬ 
tact,  normalized  by  the  compressive  yield  stress  of  the  bearing  materials,  is  plotted  against  the  frac¬ 
tion  truncated  in  Figure  4.  The  line  in  this  figure  represents  the  damage  threshold.  For  a  given  frac¬ 
tion  truncated,  when  the  ratio  of  the  mean  stress  to  the  compressive  yield  stress  exceeds  this  line,  the 
center  of  the  contact  will  be  damaged. 


Figure  4.  The  threshold  for  damage  at  the  center  of  a  truncated  ellipse. 
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2.2  Stress  at  the  Edge,  Se ' 

In  this  section,  we  determine  the  stress  at  the  edge  of  the  truncated  contact  ellipse,  and  express  it  as  a 
function  of  the  mean  stress  of  the  natural  contact  ellipse  and  the  fraction  truncated.  The  contact  stress 
at  the  edge  of  the  raceway,  the  line  of  truncation,  will  be  increased  by  a  factor  that  is  dependent  upon 
the  curvature  at  the  edge;  a  sharper  curve  will  result  in  a  greater  stress  concentration  and  a  greater 
amount  of  edge  stress.  Common  practical  values  of  the  edge  stress  concentration  factor,  c,  have  been 
determined  by  Moyer  and  Neifert.  These  values  range  from  1.7  to  1.8  for  a  typical  blended  comer 
radius.  In  the  analysis  presented  below,  we  will  estimate  the  edge  stress  by  calculating  the  maximum 
stress  of  the  natural  stress  ellipsoid  on  the  line  that  would  define  the  edge  of  the  contact,  then  multiply 
this  quantity  by  the  edge  stress  concentration  factor  to  determine  the  edge  stress. 

Referring  to  Figure  5,  the  surface  of  a  semi-ellipsoidal  pressure  distribution  is  defined  by: 


1  = 


fx}2  (V2 

-  +  — 

Ka)  J 


( S  ^ 
Jx,y 


*0 


Or,  solving  for  the  stress  at  arbitrary  x  and  y  position,  S '  , 


S'rv=S'0 


x,y 


(  vA2 


\aJ 


\2 

2 

UJ 


.1/ 


(7) 


(8) 


and  since  the  maximum  stress  always  occurs  at  y  =  0, 


Figure  5.  The  stress  distribution  on  an  elliptical  contact. 


6 


(9) 


From  the  quantities  defined  in  Figure  5,  we  can  express  x  in  terms  of  the  fraction  truncated,/: 
x  =  a(l-  2/).  Thus,  Eq.  (9)  becomes: 


S'x  =  S'0[-{\-2f)2Y2,  (10) 

and  the  stress  at  the  edge  of  the  truncated  contact  is  given  as  the  product  of  the  edge  stress  concentra¬ 
tion  factor,  c,  and  the  stress  at  S'x: 


Again,  the  parenthetical  quantity  is  determined  in  the  appendix. 

To  find  the  damage  threshold  at  the  edge,  we  set  the  edge  stress  equal  to  the  compressive  yield  stress 
of  the  bearing  materials.  The  mean  stress,  normalized  by  the  compressive  yield  stress,  is  plotted  in 
Figure  6.  Here,  we  have  chosen  three  representative  values  of  the  edge  stress  concentration  factor  to 
illustrate  their  effect  on  the  static  capacity  during  truncation.  As  stated  above,  c  =  1.8  is  a  typical 
value  for  a  well-designed  and  well-manufactured  bearing. 


Figure  6.  The  threshold  for  damage  at  the  edge  of  a  truncated  ellipse. 
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2.3  Approximate  Criterion  for  Damage 

In  the  preceding  subsections,  we  determined  the  contact  stress  at  the  center  of  the  contact  ellipse  and 
the  center  of  the  truncated  edge  of  the  contact.  In  addition  to  these  criteria  for  the  static  capacity,  we 
also  stipulate  that  the  fraction  of  truncation  must  not  exceed  0.5.  Truncation  in  excess  of  this  amount 
will  result  in  jamming  the  ball  on  the  edge  of  the  raceway,  and  the  bearing  will  be  inoperable.  This 
effect  is  independent  of  the  damage  caused  by  truncation,  and  results  only  from  the  geometry  of  the 
bearing/raceway  contact.  In  this  subsection,  we  will  use  these  three  criteria  to  develop  an  approxi¬ 
mate  expression  that  simultaneously  satisfies  the  damage  threshold  conditions  at  either  of  these  two 
locations.  This  is  done  to  provide  the  bearing  analyst  with  a  simple  rule  for  predicting  the  likelihood 
of  damage. 

Figure  7  shows  the  threshold  of  damage,  as  determined  by  Eqs.  (6)  and  (1 1).  In  this  figure,  the  mean 
stress,  normalized  by  the  compressive  yield  stress,  is  plotted  against  the  fraction  truncated.  Thus, 
when  the  contact  stress  exceeds  either  of  the  two  lines,  brinnel  dimpling  may  be  expected  to  occur. 
Finally,  we  reiterate  that/may  not  be  allowed  to  exceed  0.5. 

The  thick,  straight  line  drawn  diagonally  across  this  figure  represents  the  approximate  damage 
threshold  that  we  will  use  to  simultaneously  satisfy  the  three  damage  threshold  criteria.  Combina¬ 
tions  of  the  normalized  stress  and  fraction  truncated  that  exceed  this  line  may  be  in  danger  of  damage 
due  to  excessive  contact  stress.  Our  combined  truncation  damage  criterion  may  be  expressed  as: 


—  =  1-2/ 


(12) 


Figure  7.  Summary  of  the  three  criteria  for  the  damage  threshold. 
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3.  Conclusions 


The  static  capacity  of  a  truncated  contact  between  a  ball  and  raceway  has  been  considered.  We  find 
that  damage  may  occur  at  applied  loads  that  are  lower  than  those  necessary  to  damage  a  natural  con¬ 
tact.  This  damage  may  occur  at  the  center  of  the  contact  or  at  the  truncated  edge  of  the  ellipse. 
Approximate  expressions  for  the  contact  stress  as  a  function  of  the  fraction  truncated  were  derived  as 
quantitative  criteria  for  the  damage  threshold.  As  a  third  condition,  we  assert  that  the  fraction  trun¬ 
cated  must  not  exceed  0.5,  or  the  bearing  will  fail  to  operate.  These  three  conditions  were  combined 
into  a  single  expression,  which  can  be  used  at  a  glance  to  predict  the  likelihood  of  bearing  damage. 
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Appendix 


In  this  appendix,  the  ratio  of  the  total  load,  P\ to  the  remaining  load  on  a  truncated  contact,  PR’,  is 
expressed  as  a  function  of  the  fraction  truncated,/.  Figure  1A  shows  the  stress  distribution  of  an 
elliptical  contact. 

The  total  load  required  to  create  an  ellipse  of  this  size  is  equal  to  the  mean  stress  times  the  area,  i.e., 
the  area  of  the  semi-ellipsoid  shown  in  Figure  1A.  The  total  load  on  the  remaining  area,  after  a  frac¬ 
tion,/,  had  been  truncated,  is  equal  to  the  integral  of  the  stress  distribution  function  over  the  remain¬ 
ing  area.  The  differential  load  carried  by  the  volume  located  at  (x,y),  of  width  dx,  is  equal  to  the  area 
of  the  semi-ellipse  of  major  axis  Sx,  times  dx: 


dpR  =  \y^sxy)clx  ■ 


Recall  that  for  a  plane  ellipse, 


(x) 

l 

(V 

4- 

UJ 

Kb  J 

Substituting  Eqs.  (9)  and  (2A),  into  Eq.  (1A): 


(1A) 


(2A) 
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n 


dP'R  =  —Sqp\ 


1- 


fx* 


\dx 


(3A) 


Therefore,  the  total  load  on  the  area  remaining  after  truncation  to  a  value  of  x  at  the  contact  edge,  e: 


PK=\P'  +  JS°bj 


x=0 


1- 


\a  J 


\dx 


3cr 


(4A) 


(5A) 


Now  we  wish  to  define  e,  the  point  of  truncation,  in  terms  of  the  fraction  truncated,/,  defined  as  — , 

where  t  is  the  length  of  the  truncated  region  shown  in  Figure  1A.  From  this  figure,  we  also  note  that 
since  t  =  a-  e , 


e-  a-  2  af  =  a(  1  -  If) 


(6A) 


Substitution  into  Eq.  (5A)  yields, 


3  az 


P'  n  ,  j, 

: - 1 — Sr\Cib\ 

2  2 


(1-2/)- 


(1-2  ff 


(7A) 


(8A) 


3  3  p' 

And  since  S'o  =  —  S'  = - 

0  2  m  2  mb 


P:  =  r  1+2 


(9A) 


Finally,  the  ratio  of  the  total  load  to  the  remaining  load  is: 


^  =  2  1  +  |[(l-2/)-I(l-2/)3 


(10A) 
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LABORATORY  OPERATIONS 


The  Aerospace  Corporation  functions  as  an  “architect-engineer”  for  national  security  programs,  specializing 
in  advanced  military  space  systems.  The  Corporation's  Laboratoiy  Operations  supports  the  effective  and 
timely  development  and  operation  of  national  security  systems  through  scientific  research  and  the  application 
of  advanced  technology.  Vital  to  the  success  of  the  Corporation  is  the  technical  staff’s  wide-ranging  expertise 
and  its  ability  to  stay  abreast  of  new  technological  developments  and  program  support  issues  associated  with 
rapidly  evolving  space  systems.  Contributing  capabilities  are  provided  by  these  individual  organizations: 

Electronics  and  Photonics  Laboratory:  Microelectronics,  VLSI  reliability,  failure  analysis, 
solid-state  device  physics,  compound  semiconductors,  radiation  effects,  infrared  and  CCD 
detector  devices,  data  storage  and  display  technologies;  lasers  and  electro-optics,  solid  state  laser 
design,  micro-optics,  optical  communications,  and  fiber  optic  sensors;  atomic  frequency  stan¬ 
dards,  applied  laser  spectroscopy,  laser  chemistry,  atmospheric  propagation  and  beam  control, 
LIDAR/LADAR  remote  sensing;  solar  cell  and  array  testing  and  evaluation,  battery  electro¬ 
chemistry,  battery  testing  and  evaluation. 

Space  Materials  Laboratory:  Evaluation  and  characterizations  of  new  materials  and  process¬ 
ing  techniques:  metals,  alloys,  ceramics,  polymers,  thin  films,  and  composites;  development  of 
advanced  deposition  processes;  nondestructive  evaluation,  component  failure  analysis  and  reli¬ 
ability;  structural  mechanics,  fracture  mechanics,  and  stress  corrosion;  analysis  and  evaluation 
of  materials  at  cryogenic  and  elevated  temperatures;  launch  vehicle  fluid  mechanics,  heat  trans¬ 
fer  and  flight  dynamics;  aerothermodynamics;  chemical  and  electric  propulsion;  environmental 
chemistry;  combustion  processes;  space  environment  effects  on  materials,  hardening  and  vul¬ 
nerability  assessment;  contamination,  thermal  and  structural  control;  lubrication  and  surface 
phenomena. 

Space  Science  Applications  Laboratory:  Magnetospheric,  auroral  and  cosmic  ray  physics, 
wave-particle  interactions,  magnetospheric  plasma  waves;  atmospheric  and  ionospheric  physics, 
density  and  composition  of  the  upper  atmosphere,  remote  sensing  using  atmospheric  radiation; 
solar  physics,  infrared  astronomy,  infrared  signature  analysis;  infrared  surveillance,  imaging, 
remote  sensing,  and  hyperspectral  imaging;  effects  of  solar  activity,  magnetic  storms  and 
nuclear  explosions  on  the  Earth’s  atmosphere,  ionosphere  and  magnetosphere;  effects  of  elec¬ 
tromagnetic  and  particulate  radiations  on  space  systems;  space  instrumentation,  design  fabrica¬ 
tion  and  test;  environmental  chemistry,  trace  detection;  atmospheric  chemical  reactions,  atmos¬ 
pheric  optics,  light  scattering,  state- specific  chemical  reactions  and  radiative  signatures  of  mis¬ 
sile  plumes. 

Center  for  Microtechnology:  Microelectromechanical  systems  (MEMS)  for  space  applica¬ 
tions;  assessment  of  microtechnology  space  applications;  laser  micromachining;  laser-surface 
physical  and  chemical  interactions;  micropropulsion;  micro-  and  nanosatellite  mission  analy¬ 
sis;  intelligent  microinstruments  for  monitoring  space  and  launch  system  environments. 

Office  of  Spectral  Applications:  Multispectral  and  hyperspectral  sensor  development;  data 
analysis  and  algorithm  development;  applications  of  multispectral  and  hyperspectral  imagery  to 
defense,  civil  space,  commercial,  and  environmental  missions. 


